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Abstract 

We discuss conformally covariant differential operators, which under local rescalings of 
the metric, S^g'^'^ = 2ag'^'^, transform according to ^o-A = rAa+ {s — r)aA for some r if A 
is s th order. It is shown that the fiat space restrictions of their associated Green functions 
have forms which are strongly constrained by fiat space conformal invariance. The same 
applies to the variation of the Green functions with respect to the metric. The general 
results are illustrated by finding the fiat space Green function and also its first variation 
for previously found second order conformal differential operators acting on fc-forms in 
general dimensions. Furthermore we construct a new second order conformally covariant 
operator acting on rank four tensors with the symmetries of the Weyl tensor whose Green 
function is similarly discussed. We also consider fourth order operators, in particular a 
fourth order operator acting on scalars in arbitrary dimension, which has a Green function 
with the expected properties. The results obtained here for conformally covariant diffe- 
rential operators are generalisations of standard results for the two dimensional Laplacian 
on curved space and its associated Green function which is used in the Polyakov effec- 
tive gravitational action. It is hoped that they may have similar applications in higher 
dimensions. 
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1 Introduction 



In discussions of the effects of quantum matter on gravity the effective action IVfs'], for 
some fixed background metric g^u, is of crucial interest. It is a scalar under diffeomor- 
phisms, i.e. local coordinate reparametrisations when of course Qf^i, transforms as a tensor 
field. The energy momentum tensor is defined by the response of the field theory to vari- 
ations of the metric so that its expectation value for the background metric Qf^i, is given 
in terms of the effective action by 

Here we consider quantum field theories where the trace of the energy momentum tensor 
has zero contributions from the quantum matter fields. Such field theories on curved space 
are expected to be also Weyl invariant, i.e. invariant under local rescalings of the metric. 
However in even dimensions there are local anomalies such that the effective action is 
not invariant under Weyl rescalings and the energy momentum tensor expectation value 
acquires an anomalous trace involving the curvature. In two dimensions this anomalous 
trace is simply given by 

9^'{T,.) = ^R, (1.2) 

with R the Ricci scalar and c the Virasoro central charge. In four dimensions the ex- 
pression for the anomalous trace is more complicated. It contains at least two linearly 
independent dimension 4 scalars F, G formed from the metric so that 

g^''{T,,) = -PaF-PbG (1.3) 

where and Ph are coefficients depending on the particular theory and 

4 2 

F = R'^^'^^Rap^s ~ ^ _ 2 + (d — 2) {d — ly^^ ^ C'^^'^^Cafj-yS 1 (1-4) 

G = R^^'^^ Rap-yS — ^ R"^ Rap + R? = ^^'^'^'^^^alBjsR"^ iiuR^^ crp ■ (1-5) 

Gap-yS is the Weyl tensor which is given by 

Ga(3-yS = Raises — 2 (^ga[-yKs]f3 — gi3[^Ks]a^ , (1.6) 

with ^ ^ 

K^, = ^ [r., - ^^^f^^R) ■ (1-7) 

F and G are the only necessary gravitational contributions to the trace anomaly in general. 
Although a term proportional to R^ might be expected in the trace (|1.3| ), it must be absent 
here as a consequence of Wess-Zumino consistency conditions [|l|. Moreover possible 
contributions to the trace anomaly proportional to V^i? may be cancelled by adding a 
local term to the effective action. 
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In two dimensions there is a well-known unique expression for the effective action due 
to Polyakov 0, which is obtained by integrating the anomaly ( |1.2| ), 



967r 

with 



-,/^VlG{x,y)=5'ix-y). (1.9) 

The Polyakov action is manifestly a diffeomorphism invariant scalar. It has a non-local 
structure as it involves the Green function of a second order differential operator which 
transforms simply under local rescalings of the metric S^g'^'^ = 2a g^'^, 

5<x(v^V2) = 0. (1.10) 

The Green function G{x, y) associated to is therefore invariant under local rescalings 
of the metric, 

6^Gix,y) = 0. (1.11) 



With 6„^/gR = 2y^V^cr it is easy to check that the variation of the Polyakov action ( |1.8|) 
gives the conformal anomaly ( |1.2|) . 

In four dimensions it is also natural to consider possible non-local constructions for 
the effective action involving Green functions Ga associated with differential operators 



A with simple properties under Weyl rescalings and which reproduces the anomaly ( |1.3|) . 
To this end in this paper we analyse such differential operators, which we refer to here as 
conformally covariant differential operators, and derive some general properties of their 
associated Green functions. The simplest such operator in d dimensions is the second 
order operator 

acting on scalar fields, with the variation 

5,A2 = |(rf + 2)aA2 - |(rf - 2) Asa . (1.13) 

Its associated Green function satisfies 

6.G2{x,y) = l{d~2){a{x) + a{y))G2{x,y). (1.14) 

Clearly in two dimensions A reduces to — and the Green function to G{x,y) which 
featured in the above result for the Polyakov action. We investigate here generalisations 
to operators acting on various tensor fields in arbitrary dimensions d. The construction 
of conformally covariant differential operators, and also conformal invariants involving 
the Riemann curvature tensor, have been discussed extensively by mathematicians. In 
particular we may mention the results, in the general framework of differential geometry, 
found by Branson [H], Fefferman and Graham M, Parker and Rosenberg El, and by 
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Wiinsch 0. Here we use especially the second order differential operator acting on k- 
forms in d dimensions first obtained by Branson |^ . We also construct another conformally 
covariant second order differential operator which acts on tensor fields with the symmetries 
of the Weyl tensor defined in ( |1.6|) . 

A crucial observation for our subsequent discussion is that theories defined on curved 
space which are invariant under diffeomorphisms and also Weyl rescalings of the metric 
are expected to be conformally invariant when reduced to flat space, when g^^, — S^j^i/- 
Conformal invariance is a strong symmetry constraint for field theories which allows for 
exact results for the two and three point correlation functions. Besides massless free field 
theories the physical relevance of conformal invariance is given by the fact that it should 
be realised for interacting quantum field theories at renormalisation group fixed points. 

This property is illustrated by the Polyakov action since it is in agreement with con- 
formal fiat Euclidean space correlation functions . We define the two point function on 
fiat space to be 



(1.15) 

g=5 



with a similar expression for the three point function. Although Vr^[(y'] itself is zero on fiat 
space where the curvature vanishes, second or higher functional derivatives of are 
non-zero even on fiat space. Using 5g{^JljR) = — y^(V^Vi. — g^yV'^)5g^^ and restricting 
to fiat space, when G{x^y)\g=s = — lnyU^(x — ?/)^/47r with /i an arbitrary scale, we obtain 

{T^,{x)T,p{y)) = -^SV5Vn(x-l/)^ S^, = d,d, - 6^,d^ . (1.16) 

With conventional complex coordinates z on the plane, so that = zz, and defining 
T{z) = —27tTzz{x) , this gives rise to the standard two dimensional conformal field theory 
result 

{Tiz,)Tiz,)) = -^^.%'Jnix^ - x,f = j;^^, ■ (1-17) 

Thus this calculation shows that the conformal energy momentum tensor two point func- 
tion on fiat space is completely determined by the conformal anomaly ( |1.2|) on curved 
space. If we use for the variation of the Green function 



G{xi, X2] 



6g''{x3) 



g=S (47r)2 {Zi - Z3){Z2 - Z3) 



^ (1.18) 



then the standard result for the three point function at non coincident points. 



{T{z,)Tiz2)nz,)) = 



1 1 



3{{zi- Z:iy{z2 - ^3)^ {z2 - zi^izs - Zi)^ {zi - Z2y{z3 - Z2)^ 

(1.19) 



{Zi - Z2)'^{Z2 - 2:3)^(^3 - 



may be similarly obtained by varying the Polyakov action ( p.. 81) three times with respect 
to the metric 1171. 
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In four dimensions there is no analogue of the Polyakov action at present which has all its 
properties, i.e. which just yields the conformal anomaly under Weyl rescalings, and 
which also leads to conformally invariant correlation functions for the energy momentum 
tensor on flat space. An action constructed by Riegert 0, which involves the Green 
function of a conformally covariant fourth order operator acting on scalars, generates 
the conformal anomaly upon Weyl rescalings. However this does not lead to conformal 
correlation functions on flat space. As discussed in [0, this is due to the insufficiently 
rapid fall off at long-distances of the Riegert action, which is responsible for surface terms 
spoiling the conformal invariance Ward identities. This is related to the fact, pointed 
out by Deser that the Green function for the fourth order differential operator which 
appears in the Riegert action has a double pole. A general construction for the four 
dimensional effective action to third order in the curvature, in terms of a basis for non- 
local invariants, has been constructed by Barvinsky et al. []TU|. This is unfortunately very 



complicated and it is not at all clear which minimal linear combination of these terms is 
sufficient for an action with the required properties. 

The organisation of this paper is as follows: We begin by discussing conformal diffe- 
rential operators on curved space and their associated Green functions in all generality in 
section 2. It is shown how the form of the variation of the Green function with respect 
to the metric is constrained by conformal invariance when reduced to fiat space. In 
section 3 we apply our general results to the second order differential operator on k- 
forms constructed by Branson. In section 4 we discuss some previous results for scalars 
which transform homogeneously under local rescalings of the metric, i.e. infinitesimally 
6crO = rjaO for dimension t]. We rederive the expression for a scalar of dimension 6 in 
which was found by Fefferman and Graham |^ in addition to the two dimension 6 scalars 
which may be constructed trivially in terms of the Weyl tensor alone. With similar results 
we then construct a conformal second order differential operator acting on tensors with 
Weyl symmetry in section 5. We also discuss the Green function of this operator. In 
section 6 we consider fourth order operators, in particular an operator acting on scalars 
which reduces to the operator whose Green function is used in the Riegert action in four 
dimensions. Results compatible with conformal invariance are again obtained. Finally 
in section 7 we describe how the Riegert action is constructed but also that the fourth 
order operator has 4 as a critical dimension so that conformal invariant results are not in 
general obtained when reducing to fiat space. 



2 Conformally Covariant Differential Operators 

We consider fields 0^{x) which are sections of tensor bundles over d- dimensional Rieman- 
nian space with metric g'^''. Under diffeomorphisms Sx^ = f'^(x), i.e. local coordinate 
reparametrisations, these fields transform as 

6,0\x) = C,^,)0\x) , (2.1) 
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with the appropriate Lie derivative. Acting on scalars and on the metric g^^ ^ is 
given by 

= -V^v'' -Vv" . (2.2) 

It is also convenient to define the field Oi{x) conjugate to such that OjO* is a 

scalar, ^^(OjO') = v^d^{OiO^). The transformation property is written as 

5,Oi{x) = C,(^,)Oi{x) . (2.3) 

Thus corresponding to ( |2.2| ) 

Cyip = C^ip , C^g^i, = v^dxg^u + d^v^gxu + d^v^g^x (2.4) 

when acting on scalars or on the metric. Furthermore under local Weyl rescalings of the 
metric, 

5„g^'{x) = 2a{x)g^^{x), (2.5) 

we require 

5,0\x) = -ra{x)0\x) , 5,Oi{x) = -f a{x)0,{x) , (2.6) 
with some real numbers r, f. 

Now let A be an elliptic differential operator of order s. Under diffeomorphisms and 
Weyl rescalings we then assume 

5,{^0)\x) = £,(,)(AO)^(x) (2.7) 
5^{^0)\x) = {s - r)a{x){^0)\x) . (2.8) 



(|2.6| ) and (|2.8|) imply 

(5^A = r Act + (s - r)(TA . (2.9) 
Since = ^V-v the expression 

So = Jd''x^O,{AOy (2.10) 

is then an invariant scalar, S^Sq = 0, and moreover this is also Weyl invariant, S^^So = 0, 
if 

f + r-s= -d. (2.11) 

The equation 



y^(A.GA)^ (x,y) = 5',5\x - y) (2.12) 

defines the Green function GA^j{x,y) of the operator A. is the identity for the space 
of tensors under consideration. Under diffeomorphisms this Green function transforms as 

SvGA'j{x,y) = C,(x)GA'jix,y) + Cv{y)GA j{x,y) ■ (2.13) 
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The right hand side of (|2.12 ) is invariant under Weyl rescahngs, which imphes together 
with COD that 



SaGA'j{x,y) = {d - r)(j{x)G A j{x,y) - {s - r)o{y)G j{x,y) . 



(2.14) 



Thus the conditions for Weyl and diffeomorphism invariance of the Green function 
imphed by (|2:T2|) , (pTTsP and (|3D are 



(rf-r)a(a;) - {s - r)o{y))G t.' j{x,y) 



+ 2 \^^za{z)g''\z 



-G^'jix.y) = 0, (2.15) 



(£,(,0 + >C,(,))G'AMx,y) + |d'^z£,(,)^7"^(z)^^^ = 0. (2.16) 

The sum of these two equations gives a non-trivial condition on Ga for a fixed metric if 
we restrict a = cx^ by 

+ 2cT„^°^ = , a^ = V-v/d. (2.17) 
With this condition, ( p.l5|) and ( p.l6| ) yield 

(^C^{x) + + {d- r)a^{x) - (s - r)a„{y))G a" y) = , (2.18) 
although V, cr„ must be constrained so that surface terms can be neglected. Restricting 



to flat Euclidean space, ( |2.17| ) gives the conformal Killing equation 



(2.19) 



which ensures that 6x^ = v^{x) is a conformal transformation, and any Green function 
satisfying ( p.l8| ) is conformally covariant on fiat space. 

On fiat space by translational invariance the Green function G/^{x,y) depends only on 
X — y, so that denoting the fiat space Green function by Ga we have 



GA'j{x-y) = GA'j{x,y) 



g=5 



(2.20) 



However applying the results for conformal two point functions developed in |Tl| gives an 
explicit form for Ga for conformal differential operators. 



Ga\{x) = C, 



(2.21) 



where D^j{I{x)) is here the appropriate representation of the inversion tensor acting on 
the fields and Ca is some constant coefficient depending on d and the particular tensor 
representation. Inversions are conformal coordinate transformations for which 



X 



f x^ 



(2.22) 
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and the fundamental representation of the inversion tensor is given by 



2x X 

x'f, = x^I^u{x)xu , /^^(x) = 5^1, , det/ = -1 . (2.23) 



The inversion is a conformal transformation not connected to the identity. Its significance 
for the two point functions is due to the fact that it plays the role of parallel transport 
for conformal transformations. 

The variation of the Green function Ga with respect to a change in the metric is given 

by 

5gG^',{x,y) = - Jd''zGAMx,z){6g{^A,)GAYj{z,y) . (2.24) 
If we thereby define 

G AW(a;, y; z) = ^— ^Ga^x, y) , (2.25) 

then scale and diffeomorphism invariance imposed by virtue of (|2.15| ) and (|2.16|) imply, 
for z ^ x,y, that 

^7"^(;2)GV,,a/3(x,y;^) = 0, (2.26) 

V:GV,,a/3(x,i/;^) = 0. (2.27) 



Restricting to fiat space, 

G"A*i,a/3(a;, y, z) = G a^>/3(x, y; z) |^^^ , (2.28) 

which depends only ow x — z^y — z^'vs, also strongly constrained by conformal invariance. 
It may be expressed in the same form as was obtained for conformal three point functions 
n], 0], giving 



m 



G't,'j,o.!i{x,y-z) = -GA\,{x-z)Gj,{z-y)P'',>,^p{Z). (2.29) 

P is a tensor symmetric and traceless in {a(3) which by conformal invariance depends only 
on the conformal vector Z^. This transforms as a vector at z and is defined by 

^ _ - z)^ _ jy - z)^ ^2 _ - vf ^2 30) 

^ [x — zY {y — z)'^ ' {x — zy{y — z)'^ 

The tensor P satisfies the homogeneity property 

P',,afs{XZ) = yP',,^fs{Z). (2.31) 

Note that P^j^ap{Z) has the crucial property that it does not contain any factor (Z^)~", 
n = 1,2, . . ., since ( [^.24 ) implies that the only singular contributions for two of the three 
points coincident involve {x — z), {y — z), but not {x — y). 



8 



By using results from the conservation equation ( 2.27 ) can be simplified so as to 
constrain P^j,a(3 alone. Instead of ( |2.29| ) we may alternatively write using results from 
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PV,e,(X). (2.32) 



where 



and 



X., 



^ (y — xy (z — xy 

Then on flat space ( |2.27|) is equivalent to 

a„p^,,,^(x) = o. 



(2.33) 
(2.34) 

(2.35) 



3 Second Order Conformal Operator on /c-Forms 

As an example for the operator A introduced in the previous section, we now discuss 
the the conformal second order operator acting on fc-forms in d dimensions which was 
constructed by Branson We begin with some definitions. 

If ^ = {1/ k\)Afj_-^...^f^dx'^^ A ■ ■ ■ A dx^'= is a fc-form, the exterior derivative d acting on 
/c-forms and its adjoint 6, satisfying d^ = 5^ = 0, are defined by 

fc+i 
i=i 



= -~^9,.u, ■ ■■9,,.,u,.A{V99'^9'''' ■ ■■g'"'-'"'-'Arp,...,,_,) , (3.2) 

where the hat fij indicates that the corresponding index is to be omitted. Following 
Branson we also define, with R^^, and R the Ricci tensor and scalar curvature, 

J ^ (3.3) 

K^u = ^^^2) ^^^^ '-^^f^u) , (3.4) 

so clearly K^^i, is the same tensor as used for the definition of the Weyl tensor in ( p..6| ). 
These transform under local Weyl rescalings as 

5,J = 2orJ + VV, S^K^, = V^V^a. (3.5) 
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To construct a second order conformal differential operator acting on A;-forms we first 
consider the variation of 5d and d5 under 5^g^^ = 2ag^'^, S^^^ = —dcr^fg using the 
exphcit dependence on the metric exhibited in ( p.2|) to give, for 7 = — 2k), 



+ 2(7-l)(A; + l)V^ (aV[A^^, 
-27(d5(a^)),,..,, 
-2(7 + l)A;V[,,, ((tVM| 

>^\^^2■■■^^k] ) ■ 



Using 



we find 



5^(7 + l)i6dA),,...,, + (7 - l)(d5^)^,.,,,; 
= 27(7 + lM6dA)^^...^^ + 27(7 - l){d6{aA))^^...^^ 

- 2(7 - 1)(7 + l)k V\aVi,,Aix\,,...,,i) + V[^,(aVM| 
+ 2(7-l)(7+l)V\aVA^^,...^J. 

Single derivatives acting on cr are then eliminated by virtue of the identity 



- i^(v^v^ + V^V^) - (V^VV) 



so that we obtain for the the conformal variation of the operator 

1)W = (^ + i)M+(7-l)d5 
= (7 + l)(M + d(5) -2d5, 



from (p.8| ) the result 



f^i---f^k 



(7 + iMi?(^U),,..,, - (7 - 

+ 2(7 - 1)(7 + l)/^(V[^,VV)^|A|^,...^,] 
-(7-l)(7+l)VV^^,., 



(3.6) 



(3.7) 



(3.^ 



(3.9) 



(3.10) 



(3.11) 



The last two terms involving second derivatives acting on a can be cancelled by terms 
linear in J and K^^'^, using the results for their variation exhibited in ( |3.5| ). The resulting 
conformally covariant differential operator 



where 



^(k) ^ jy{k) ^ ^ _ 1) (J _ 2k K) 
{KA)^^...^y. = -ft'i^i A\u\i_i2-fj.k] ■ 



(3.12) 
(3.13) 
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is identical with the formula for A'^'^^ constructed by Branson. From the above calculations 
this has the conformal variation as in (U-^\) for s = 2, 



(3.14) 



(3.15) 

the operator reduces to the well known conformal differential operator defined in ( [1.12| ). 

An alternative expression of the existence of the conformal differential operator acting 
on fc-forms A*^*^-* given by ( 3.12|) may be found in terms of the d-dimensional action for 



S^A^''^ = (7 + 1)(tA(^) - (7 - 1) A^a . 
On 0-forms, or scalar fields, 5 — > and therefore 

A(°) = Ud+2)(5d + Ud-2)j) = Ud + 2)A2 



the fc-form A 



pi—fj-k 



given by 



+ (7 + 1)(7 - 1){JA-A - 2kAiKA)) 



(3.16) 



where for X, Y fc-forms we define, 



X-Y = — X^^'-f^-Y., . 



The result ( |3.14 ) is then equivalent to 

6,S^''\g,A) = if 6„A={j-l)aA. 



It is convenient to define 

. 6 



S^'\g,A) = ^T(%, 



a/3 



3=5 



(3.17) 



(3.18) 



(3.19) 



The calculation of the fiat space expression for is straightforward given the explicit 

form of d in ( |3.1| ), which is metric independent, and 5 in ( ^.2[ ) but the detailed formula is 
lengthy and so it is relegated to appendix A. 4. From this we may find 



T^'^L = -(7-l)A(^^('U), 



, (3.20) 



with pC') the flat space restriction of T>^^\ as in (|3.1CI| ), and hence of the conformal 
differential operator A*^'^^. 



by 



According to the definition ( p.l2[ ), the Green function of the operator A*-'^-' is defined 



^(a;)(AWG(^)),,...,,; 



(3.21) 
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for £^ the projector onto totally antisymmetric /c-index tensors, 



Si,r • • • 



(3.22) 



In appendix A. 2 we calculate this Green function for general d and k on fiat space when 
dfiu = Sfiu and we may identify up and down indices. The result is 



1 



X 



d-2 



where 



and J^, 



1 



2(7-l)(7 + l) 



S, 



27r^ 

r(irf) 



(3.23) 



(3.24) 



£ /xi---^ift,(Ti---o-j.-^o-ii/i (3^) 



[x) is the appropriate /c-form representation for inversions and is given 

by 

(3.25) 

Note that this Green function does not exist if 7 = ±1. If 7 = 1, or = |((i — 2), then 
A^^) = 2Sd and there are solutions satisfying A^'^^^p = for ijj = d0. When 7 = —1, or 
k = |((i + 2), A^^^ = — 2d5 so the operators are not invertible. The result for the Green 
function (|3.23| ) is exactly of the form expected from the general results for conformal two 



point functions discussed in section 2 as given in (|2.21| ). 



The conformal variation of the operator A^'^^ defined in (|3.12| ) as given by (|3.14| ) remains 
unchanged if we add a term involving the Weyl tensor 



(A^'^U),, 



(3.26) 



for any real t since SaCfj^^'^^ = 2aC^i,''''. 



We may now calculate the variation of the Green function &^'> for this operator with 
respect to the metric using the formula ( p.24| ). The variation of the differential ope- 
rator A'^'^^ may be obtained by varying the expressions for (d(5^)^j...^^ and (^d^)^^...^^. 
using ( p.iy3.2| ), which give the explicit dependence on the metric, and also calculating 
directly the variation of J, K^j_y defined in ( |3.3| , |3.4|) , but is equivalently given by using the 
expressions obtained from ( |3.19D . Assuming the result ( |2.29D simplifies the calculation 
considerably, since it is sufficient to only determine the most singular terms as z y 
which arise from terms with two derivatives acting on G^'^\^...pi^^^^...^^{z^y)^ and we then 
find, with definitions analogous to ( p.25| , p.28D , 



^IJ.l---IJ.k,'^l---'^k,0!l3{x^ y } Ml---Atfc,cri---o-fc (3; Z)& (2 y) Pcri---crf,,pi-- pk,Ctl3{^) 

'Its a-ySfijKXerjd -fd 5 (^G^ |ii---^fe,reA(T3---(Tfe (-^ Z^G^ £f^o-3---(Tfe,;/i---i/j, (^ Z/)) ) (3.27) 

where S'-' is a projection operator onto tensors with Weyl symmetry defined in appendix 
A.l and G^''^ is as in ( 3.23 ). The second line corresponds to the additional term in ( |3.26 ). 
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In the first line from direct calculation we find 



d 



(7 + l)(7-l) 
(rf- 2) 



2k{kd-d + k) £ 



4 cA cT 72 



2k 



+ Ak{k l){d + 1)7^^1. ../is^,«:ep3-Pfc^A77P3-Pfe,i'l-i'fc^KA,o/3^£^»7 



T 



k{d^ -2kd-d 
\{d^ -2kd-Ad + A)S\,... 



2\E^ 

^)'-' pi---p.k,ep2---Pk'-' VP2---pk,i'i---i'k 



p.i---p.k,vi---Uk 



\5al3Z'^) 



,(3.28) 



with £'^eri,a/3 = | (^ea^r;/? + ^e/s^jyo) — ^Seri^aiB the projector onto Symmetric traceless tensors. 
The tracelessness equation ( 2.26 ) and conservation equation (|2.27 ) follow directly for fiat 
space at non coincident points from the result (|3.2CI|) . We have verified that this result is 
in accord with the conservation equation ( |2.35| ) with P —>■ P defined as in ( p.33[ ). 



For the case d = 4 and k = 2 giving 7 = the Green function and its variation have 
been used in to construct an anomaly-free contribution to the effective action involving 
the field strength tensor of a background gauge field. For the scalar operator A2 defined 
in (|1.12| ) then, making use of ( p.l5| ), we have as a special case of the above 



G2{X) 

G'2,a(3ix,y;z) 



1 



{d-2)Sd 
d{d-2f 



G2{x - z)G2{y - z){ZaZp - -SapZ' 



4(rf- 1) 

In this case the conservation equation ( p.35|) simply reduces to 



<9„ 



XaX 



0. 



(3.29) 
(3.30) 

(3.31) 



4 Confer mal Invariants 



Before constructing a further conformal differential operator it is convenient to consider 
possible scalar fields constructed in terms of the metric which transform homogeneously 
under local Weyl rescalings of the metric. It is trivial to construct such scalars in terms 
of the Weyl tensor defined in ( |1.6|) , since for 6fjg^'^ = 2a g^'^ this transforms as 

^uC^apu = —2(7 C^o-pu ■ (4-1) 

Thus F defined in ( |1.4|) transforms as 6„F = AaF. Using the symmetry and trace 
conditions 

C^afiv = C[/^a][/3i/], Cf^[oif3u] = 0, Q^^ C ^afiu = , (4.2) 
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there are two such scalars cubic in the Weyl tensor, 

^^1 = C"^%.C^"a/3C"^. , (4.3) 
= C"^'^''^a/3aaC"/^ , (4.4) 

which, from ( ^.1| ), satisfy S^^i = 6crfii, 6a^2 = 6aQ2- For general d these are independent 
but when d = 4, Qi = 40,2 since 

5 C^'^ip.CP^pC''^,^^ = n,- 4^2 . (4.5) 

As shown by Fefferman and Graham |Q there is an additional scalar H satisfying 

6,H = QaH . (4.6) 



We here verify the existence of a scalar satisfying (|4.6| ) since in the physics literature 
results have been given only for Weyl rescaling invariant integrals over all space in six 
dimensions 0. For this purpose it is useful to define the Cotton tensor 

Cp^s = VsKp^ - V^Kfss , (4.7) 

with Ki3^ as in ( |3.4| ). It satisfies the identities 

C/3^s = —Cps^ and Cp-^s + Cysp + C*<5/37 = , (4.8) 

and by virtue of the standard Bianchi identities 

From this result we may easily obtain 

V''C^p,s = -{d-^)Cp,6. (4.10) 
For the variation of the Cotton tensor under local Weyl rescalings we have 

6,Cp,s = d^aC''f,^s. (4.11) 

The formula of Fefferman and Graham |^ can be written as 

H = V'^^'^Vo^p^,, + 16 C^'^C^s, + 16 C-'^'i-VaC^se + K^pC^^se) , (4.12) 

where 

Vap-ySe = aC I3^5e + '^{dalliC 'y]Se + ga[sCi:]l3^) . (4-13) 

Using (|4.10|) , the invariant ( [4.12| ) may alternatively be written as 

+ 16 i-C^^'^VaC^Se + K^pC^^'^C^-ySe) • (4.14) 
^See the second paper in Q or in |Q with corrections in ||^ 
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The variation under local Weyl rescalings may be calculated with the aid of 

+ d^a (4V"C^^''^C^^fe + SV^C^^'^^C^^fe - ^C'^^'^V^Cp^se) , (4.15) 

and (^4.10|) , which then ensures (|4.6| ). 

Independently, Parker and Rosenberg ^ found an equivalent scalar which can be writ- 
ten in the form 



d-10 
d-2 



(V-C^^Se^^Cp^Se - ^d-2)C^''C,Ss) + ^^{"V' - ^j)C''^''Cp,Ss . (4.16) 



With standard results for the commutator 



= -(rf-2)C"^*^V,C'^5,-iC"^''^V2C„^fe, (4.17) 

where in the second line we use C"^^^V^V„C/3^5e = ^C^'^^'V^Ca^se - C'^'^'V^Csya, from 
(U), and (|4lO| ) for V^Cp^se- Using ( ^iTl) , with H as in (CT) , we then find 

if = + + 2^2. (4.18) 
It is perhaps worth noting that the formula (^4.16|) can also be written in the form 



Q = 



d-2 



A{d - 10) + \V^{C^^^'C^ 



(4.19) 



5 Conformal Operator on Weyl Tensor Fields 

As a further example of a conformally covariant second order differential operator we now 
construct a second order differential operator acting on tensor fields, C^o-pi/, with Weyl 
symmetry, i.e. they satisfy the symmetry and traceless conditions of the Weyl tensor 
exhibited in ([4.2| ). We assume that C^o-pi/ is to be regarded as metric independent but also 
to transform with local rescalings of the metric 5^9^'^ = 2ag^^ according to 

^a^fiapu k (J Cfj^fjpiy , (5.1) 

with k an arbitrary number. 

In order to find such a conformally covariant covariant differential operator, we con- 
struct a reparametrisation action of second order in C and then determine the restrictions 
necessary to ensure local scale invariance (a similar procedure was followed in a recent 
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paper by O'Raifeartaigh, Sachs and Wiesendanger |T^). We therefore first consider the 
d-dimensional action with two derivatives, which by using the symmetry properties of 



C^a-pu, can be reduced to 



So[g,C] = \U'x^ 



aapu 



(5.2) 



The two terms in ( ^.21) with coefficients a and b are the only possible independent scalars 
involving Cfj^apv In the following we determine the values for the two coefficients a and 
h necessary for a conformally covariant second order differential operator acting on C^^pv 
by requiring 5aS'-^[g,C] = 0, where S'^'[g,C] contains further curvature dependent terms 
in addition to SqIq, C]. It is easy to see that for the action Sq to be invariant for constant 
a then we must have 



k 



Ud- 10) 



(5.3) 



To calculate the variation for general a we make use of 
^^(V^C'^'^^'^V^C^.p.) = 



Using these results for ( |5.2| ) with (|5.1| , |5.3|) we obtain 



(10 - 2k) a V''C'"''"'VXpap. + 2(4 - k)d^a V''C^'""'C^„p, 
+ Sd^a W'^C^'^^'C^^p, - 8d^a V^C^'^^T^,, , (5.4) 
(2 - k)a V'^Caapu + (5 - A; - d)dacr C^p, . (5.5) 



6^So[g,C] 



\ / d^x^lailid - 2)9„aV"(C^'^''Tp,p,) - l^d^aV .r"'"" C 



cjpv 



crpi/ 



Hence if we choose 

16a = —db, 

the terms involving single derivatives of a in 6uSo cancel and now 

S,So[g,C] = -\a j d''x^[\{d -2)V''aC^''P''C,,p, + 8 V^^^a C'^'^''T%, " 
These terms may be cancelled by the conformal variation of the additional action 



S^[g,C] = \a U''x^\\{d-2)JC^''P''C^„p, + 8K^^C^''P''C 



crpu 



(5.6) 
(5.7) 

(5.8) 
(5.9) 



involving the curvature dependent terms J and K^u defined in ( |3.3| ) and (p.4|). Hence, 
assuming now a = d/16, b = —1, we obtain a conformally invariant action 



S''[g,C] = So[g,C] + Si[g,C] 



\ jd'^x^C^'''p''{/SPC) 



papv ) 



(5.10) 
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which defines the conformally covariant differential operator A*-^ where exphcitly 

+ £%apu, (V^. V° + \d ir;.'")OpV' , (5.11) 

with f^*" as defined in appendix A.l. As a consequence of 5aS^[g,C] = 0, as well as ( [5.1D 
and (|5.3|) , it must satisfy 



6^A^ = - 6) (xA^ -W- 10) A^a . (5.12) 
For generality we could also add S2[g,C] containing the invariants 

S2[g, C] = \ j d^'x^ [cC^'^^T,/3.„C"/^ + eC'^'^^Tp.^^jC^."^] , (5.13) 

where C^kA;/ is the standard Weyl tensor defined in (|1.6[). Letting S'~'[g,C] = S'^[g,C] + 
S2[g, C] we therefore obtain a two parameter conformal differential operator A*-^ depending 
on c and e, 

(A^C) (A^C) 

+ S-^papv!' " (cC^'pi'^ ^'Cjy'pcr'a + e C^j^ifji'^^Cpiviapj ■ (5-14) 

The corresponding Green function is defined by 



V^(Af G^)^.,, "^^^(x, y) = S%p,r''^ 5\x - y) . (5.15) 

On flat space this may be calculated in a similar fashion as previously by inverting the 
Fourier transform of A*-^. From the results in appendix A. 3 

(j" papv,a^5f3\X) = — _ ^^^^ _ ^^_2 fJ,<jpu,a-ySf3{X ) , (O.iOJ 

where the relevant form for the inversion tensor is 

-^^^(7p!/,a7(5/3 (•^) -^/le ('^)-^(TK (•^)-^pA (•^)-^i/»7 (•^)^ tK,Xri,a'y5l3 ■ (5.17) 

This is clearly in accord with the general expression expected by conformal invariance 
given by ( p.21| ) which thus provides a consistency check on the derivation of the conformal 
operator A*^. Obviously from ( |5.16| ) A*-^ is not invertible d = A oi d = 

The lack of an inverse for c? = 4, 6 is true more generally. To demonstrate this we first 
note that A*-^ essentially vanishes identically if = 4. For = 4 from the vanishing of 
totally antisymmetric five index tensors we have 

= 5V"C^'^[p,V„Ch''" 

^ ^^C^'^P^^ jZp^p, - AV^C^^^'P^'V^Cp^p, + 2 C^'^^'^[V", Vp]C^„p, , (5.18) 
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after discarding a total derivative and where for general d 



Similarly we have, using Ka*^ = 



/^a.(5 pp<^ pP^ 9 /^ct (3 piicypv n 

' p,a^ pu^ Q/3 ^ O p pU ^vfBcja 



J, 



= 5C^'^[p,ir«°C 



pi/ 



p,a\ 



pa ^ ^ apv 



papv • 



(5.19) 



(5.20) 



In order to be able to apply these identities we write the action S'^ given in ( |5.10D in four 
dimensions as 



-4- 9 K npcrpuna _|_ i 7 nprrpun 

~ ^ ^^pa'^ apv '2 '^papv 

1 I r\^T /7i\lr'°'^ C'^"' CP'^ „ _|_ i P ppapup 

2 ^ -^y y 4*-^ pcr^ pu^ af3 I 2 P P- ^uf)o 



(5.21) 



by virtue of ( ^.181 ), ( p. 19 ) and ( 5.20| ). For d = A the two O(CC^) terms are not indepen- 
dent, just as in ( [4.5|) , so in order to obtain S'~^[g,C] = and hence (A'"C)^o-pi/ = it is 
sufficient to take 

(5.22) 



c +4e = -| . 



In six dimensions the lack of an inverse follows since the Weyl tensor itself is a zero 
mode, i.e. 



(A^C) 



papv 



if c = - 



2 ' 



e = -4. 



(5.23) 



papv 



Applying A to the Weyl tensor is consistent for = 6 since the transformation of 
in ([4.1|) matches that for C^o-p!/ in (13) as then k = 2 from (|5.3| ), To verify (|5.23| ) for this 
case we now use ( [4.17|) with ( |4.1CI| ) ioi d = Q to give 



d=6 



I d'x^{n, + 2n2). 



(5.24) 



This may be cancelled by S2[g, C], defined in ( ^.13|) , for the above choices of the parameters 
c, e, and as S[g, C] = ( p. 23] ) must hold. 



As in (|3.19|) we may also define 

5 



2^S'^{g,C) = ^T%, T% 



Sg 



g=S 



(5.25) 



The calculation of the fiat space expression for T'^ap is again straightforward although 
tedious from (|5.11|) and ( p.2| ), with the assumed values of a, b, and also ( ^.9| ). The explicit 
result is given in appendix A. 4. From this we may obtain 



T 



c 



^(^d 10) C|j(jpz/ (^ C)papu 1 

(A (y)papv dpC^crpv ~\~ ^ daiC ficrpv (A C^aapv^ i 



(5.26) 
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with A*-^ the flat space restriction of A*-^. 

Using ( |2.24| ) we may find the variation of the Green function defined in ( [5. 151 ), in 
analogy to the /c-form case ( p.27|) . As before, assuming the result to be of the form ( p.29|) , 
which in this case gives 

= —G'^liKXuyK.'X'u' — z)G'^'a-erip,a'e'ri'p'{y — z) Pp' k,' \' u' ,(7' e'-q' p' ,af3{Z) , (5.27) 

with G"" given by (|5.16|) , simplifies the calculation considerably. It is sufficient to deter- 
mine the most singular terms as z y. Using (|5.25|) with the flat space result ( A.20| ) of 
appendix A. 4 gives a relatively lengthy expression for Pp'n.'\'u',a'e'r)'p',ai3{Z) which may be 
found in appendix A. 5. An important consistency check is that the conservation equations 
(|2.35|) are satisfied. 



6 Fourth Order Conformal Operators 



So far we have only dealt with second order operators. In this section we discuss some 
results for fourth order operators. 

A fourth order d-dimensional conformal differential operator acting on scalars was found 
by Paneitz |14| and almost simultaneously in c? = 4 by Riegert and later independently 
by Eastwood and Singer |15|. This has the form 



A4 = V'V' + V^,{AK^' -id- 2)g>'\J)d^ + i(d - 4) M , (6.1) 
where J and K are given by ( |3.3| ) and ( |3.4| ) and 

M = -VV + ic/j2 - 2K^"'K^^ . (6.2) 
This operator is conformally covariant in the sense that 

5, A4 = i (d + 4) aA4 - i (rf - 4) A4fT . (6.3) 



Subsequently A4 was generalised to differential forms by Branson and also by Wiinsch 
[0, ^. This operator has the form, with the same notation as in section 3, 

^(k) ^ p(fc) ^ ^^^^Q^^^^Q dependent terms , vf^ = (7 + 2) 5d5d + (7 - 2) d5d5 , (6.4) 
which satisfies 

5,Af = (7 + 2) aAf - (7 - 2) Af V . (6.5) 
Acting on functions it reduces to the operator in ( |6.1| ) 

Af = i(rf + 4)A4. (6.6) 
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The Green function Gf\x,y) in for A4'^'' is defined similarly to (|3.21|) . On flat space, this 
Green function may be calculated by the same technique as used for the second order 
operators in appendices A. 2 and A. 3. First we note that in v[^^ in (|6.4| ) may be rewritten 

as 

((7 + 2)(M + d(5) -4d5)(M + d5), (6.7) 



so that when acting on /c-forms, the flat space restriction of the operator A4'^^ is easily 
seen to be 



(6.8) 



By inverting the Fourier transform of this expression and transforming back to position 
space with the help of ( |A.6| , |A.7D and ( |A.15| ), we obtain for the Green function on flat 
space 



XI 



rad-i) 



(6.9) 



167r'^/2(7-2)(7 + 2) ■ - ■ - - - • 

Just as in ( p.23| ) this involves the inversion tensor for fc-forms as required by conformal 
invariance. 

For further discussion for simplicity we restrict our attention to the Green function 
G'4(x, y) for the scalar operator defined in (|6.1D. From ( |6.3D this behaves under rescalings 
of the metric according to 



SaG4{x,y) = ^{d - A){cx{x) + a{y))G^{x,y) . 
On restriction to flat space it is easy to see either directly or from 



Ga(x) 



r(irf-2) 1 



lQ^d/2 ^d-i 2{d - 2){d - 4) Sd x"^-^ 



(6.10) 
for k = using 

(6.11) 



The calculation of the variation of G4 with respect to the metric is straightforward by 
taking account of the metric dependence of A4, noting that = {y/g)^^d^y/gg^'^dy, and 
gives 



GU,ap{x,y; z) 



d- 1 



-\{d-A){x d^dpd^Y + d^dpd^x y) 
+ d^dpdpX d,Y + d,x d^d^dpY 

-\{d + 2) (d^aXdp) d^Y + d'^di^aX dp)Y) 
+ 1 5ap{d^dpX dpY + dpX d^d.Y) 



d{d+2) 
4{d-2) 

- {dpd(^^X dp)dpY - ^ Saf3d^dpX d^dpY 



+ {d'X d^dpY + d^d,X d'Y - ^ 6^,d'X d'Y 

2d _ 1 



(6.12) 
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where we employ the abbreviations 

X{z) = G^{z-x), Y{z)=G4{z-y) 



(6.13) 



The exphcit calculation of the derivatives yields an expression in agreement with the 
general result (|2.29|) , 

G',M^, y; z) = -^ilz^^Kizil! G,{x - z)G,{y - z) [z^Z^ - \5apZ^)z' ■ (6.14) 
This satisfies the conservation condition (p.35|) since it reduces just to (|3.31|) again. 



7 Discussion 



A crucial motivation for this work was to use the Green functions of conformally covariant 
differential operators to construct expressions for the effective action depending on the 
metric which reproduce exactly the required results for scale anomalies. In four dimensions 
the operator A4 reduces to the operator introduced by Riegert 



,=4 = V'V^ + 2V^(i?^'^ - \g^''R)d, , (7.1) 



which gives Sa{^/gA^) = 0. Its Green function G^{x, y) = G4{x, y)\d=4., which is therefore 
invariant under local rescalings of the metric 6crG^{x,y) = 0, was used by Riegert to 
construct possible forms for the effective action. To demonstrate this we may note that 

g^^(G~IV'R), (7.2) 

with G the GauB-Bonnet term defined in (|1.5| ), has the conformal variation 

6,g = -A^A''a, (7.3) 

and hence 

= a, E(x) = -i I dSG''ix,y)giy) . (7.4) 

If we generalise ( [1.3|) slightly to 

g^''{T^u) = -J'-f3bG for 5,^ = 4^, (7.5) 

then a four dimensional non-local action, analogous to the two dimensional Polyakov 
action ( p..8|) , which generates the trace anomaly under local rescalings of the metric was 
constructed by Riegert of the form, 

W^Riegert[fl'] = j d^Xy/g J^{x)Y:{x) 

- \^ j d'xdSg{x) G\x,y) g{y) + ^/^^ j d'x^R\x) , (7.6) 
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where, since 6a{y/gR^) = 12^i?V^cr, the last term cancels the V^-R term in Q. 

Just as in two dimensions we may obtain correlation functions involving the energy 
momentum tensor by functionally differentiating the action and then restricting to fiat 
space. However, as shown in |^, this does not give rise to conformally invariant results 
for the flat space correlation functions of the energy momentum tensor. This appears to 
be connected with the fact that for the operator A4 c? = 4 is a critical dimension. For the 
second order operator A2 defined in (|1.12|) the critical dimension is = 2, as is revealed 
in ( |3.29| ). From ( |3.29| ) and ( p. 301 ) we may find a finite limit for the variation. 



lim Go adix, y: z) = — — -- 
d-*2 ^'"'^^ ^ 2(27r)2 



ZaZ/3 — i^dapZ"^ 



(7.7) 



Using a complex basis and the explicit form for in ( p.30| ) we then get 



d^2 



+ 



2(47r)n(;2i-Z3)' (^2 - ^3)^ (^1 - ^3)(^2 - ^3) 



.(7. 



It is interesting to compare this conformally covariant limit with the result shown in 
( |1.18| ) which was obtained directly in two dimensions and is not in accord with conformal 
invariance (although ( |1.18 ) and ( [r.8|) agree on further differentiation with respect to both 
Zi and Z2). 

A similar picture emerges in relation to the fourth order operators A4, defined for 
arbitrary d, and the Riegert operator in four dimensions. The fiat space limit of G^ 
is also logarithmic since from ( |6.11|) we may take 



GJx) 



2^2 



In/i X 



Following (|7.7|) and using (|6.14|) we may obtain 

\imG',,^p{x,y-z) = -^^^ 

However the variation of the Riegert Green function gives 
G'ipix, y; z) = G'^,„^(x, y-z) ^ - ^ lim Ud - 4) (X d^dpd^Y + d^dpd^X Y) 



(7.9) 



(7.10) 



(7.11) 



with X, Y as in (|6.13| , |6TTD . The difference between taking the limit d — > 4 before or after 
the variation is then 



G ap{x, y; z) - G4,ap{x, y; z) 



487r4 



{y-z)a{y-z)p {X - Z)a{x - Z)f3 



{y - zf 



+ 



[X — z] 



+ 



iy - zY (x - z) 



. (7.12) 
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The result for taking the hmit d ^ 4 after the variation given in (|7.1CI| ) is exphcitly 
conformally invariant but correspondingly the expression given by ( |7.12| ) for the variation 
of the Riegert Green function shows that the additional terms violate the naively expected 
conformal invariance. The additional terms in G^' ensure that is less singular as x,y ^ z 
and they disappear on taking derivatives both with respect to x and y. The results 
obtained in this paper therefore show a very strong parellelism between the properties of 
the second order operator A2, with critical dimension 2, and the fourth order operator 
A4, with critical dimension 4. 



8 Conclusion 



In conclusion we may perhaps reiterate that, in addition to the results for the fourth order 
conformal operator discussed in the previous section, we have shown that the Green func- 
tions of two second order conformal operators lead to conformally invariant expressions 
on flat space when varied with respect to the metric. For the second order differential 
operator acting on fc-forms this expression is given by ( |3.27| ), while for the operator on 
Weyl tensor fields it is given by (|5.27|) . These results may be useful for constructing a 



four-dimensional non-local effective action which parallels the two-dimensional Polyakov 
action in at least the following respects: Like the Polyakov action, this action should 
generate the conformal anomaly exactly under Weyl transformations. Moreover, when 
varying this action with respect to the metric, it should also be possible to obtain con- 
formal expressions for the two and three point functions involving the energy momentum 
tensor. 



Acknowledgements 

I am very grateful to Hugh Osborn for many useful discussions. 



Note added. It was pointed out by T. Branson that according to a classification 
scheme for conformal operators developed in [|16] , the conformal operator on Weyl tensor 
fields discussed in section 5 may be written in the form A*" = where D is a first 

order differential operator which is conformally covariant in six dimensions. In agreement 
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with these results it is possible to construct such an operator explicitly. It is given by 

3 

d-3 



such that g^°'(VC)^apua = and 

Sa{VC)f,api,a = ^{d - 10) a (DC) ^^p^.^ 

+ - 6)|c^^[p^9„](T - d^a{Cxa[pu9a]p - Cxp[puga]a) I • (E.2) 

Thus T) is conformally covariant when d = Q. Using (E.l) we may write the action S'-^[g, C] 
involving the operator A"-^ defined in (5.14), letting c = —\d, e = —^d, in the form 

-{d- 6)(ir^,C'^'^''T\p, - iJC^'^^Tp.p.)} . (E.3) 

When d = 6 we may use the identities of section 4 to show that {VC)p,crpva = when 
acting on the genuine metric dependent Weyl tensor C, so that S'^lg, C] = 0. When d = 4 
{j)CY-p^''{VC)^„p^a. = and S^'[g,C] = for any C. 

Furthermore it was brought to my attention that the fourth order operator on scalars 
constructed by Riegert and also by Paneitz was discussed independently in [|l^ . Moreover 
an early discussion of this operator in general dimensions as well as of conformal operators 



acting on vectors and on second rank tensors may be found in |18 
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A Appendix 



A.l Projection Operator onto the Space of Tensors with Weyl 
Symmetry 

The projection operator S*^' has the exphcit form 

+ ^d-2){d-i) '^ (^?MP^?- - 9p.g.p) {g'^'g^^ - g'^^g'') ■ (A.i) 

This projection operator satisfies the symmetries of the Weyl tensor as given by ([4.2|) in 
both sets of indices. 



A. 2 Green Function for the Differential Operator on /c-Forms 



Here we calculate the fiat space Green function of the operator defined in ( |3.12| ). On fiat 
space d5 + 5d — > —d^ so from the result in (|3.10|) this operator reduces to 

(A('=)^)^,...^, = -(7 + l)d'A,,...,, + 2kd,d[,,Aix\,,...p,] (A.2) 

with 7 = — 2A;). Its Fourier transform is 

Pp.i---p.k,fi --i^kip) ~ (7 + 1)^ Mi --Mfc,fl---t'fc?' 

— 2k£ i_ii---in.,eX2---Xk ^ »?Ai---Afe,i/i---i/fcPePr? ) (^-3) 

where £^ is the projector on totally antisymmetric tensors of rank k. The inverse of the 
Fourier transform is defined by 

from which we obtain 

p-i (r)) = I — 



J c-A cA PePy 

_|_ — ly Pi-- p-k,£>^2 - Xk ^ »yAi --Afe,i/i---!^fe ^4 

When transforming back to d dimensional position space we may use 
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which leads to 



1 



With the aid of these relations 



d>e- 



-ip-x 



PePrj 
p4 



P ]J,l■■■^lk,l'l■■■Uf,{x) 



1 



X 



■n¥ {d-2k-2){d-2k + 2) 
1 



and finally the Green function for the operator (|A.2| ) becomes 



rad) 



71 2'^ {d - 2k - 2) {d - 2k + 2) 



(A.7) 



(Ai 



(A.9) 



where is the inversion on A;-forms which is defined in ( p.25| ). On functions or 0-forms 
this reduces to 

G^'\x) = ^-^^ ^, (A.IO) 

^ ^ n-2%d-2){d + 2) x^-^ ^ ^ 

which up to a factor 2/{d + 2) is the standard flat space scalar Green function as given 
in ( IOqD . 



A. 3 Green Function for the Differential Operator on Weyl Ten- 
sor Fields 

Here we calculate the fiat space Green function for the operator A*" given by (|5.11|) . 
The fiat space reduction of the operator A*" is 

which has the Fourier transform 

The inverse of this Fourier transform is defined by 

P ^apu,p' a' p'v'{p)P ^' cr' p' u' ya'ySpip) ^ ^apv,a'^5(3 i (A. 13) 

from which we obtain 



pc-^ (r.\ - ^ — fC 



256 pep^ c pC 



,4 



d{d - 4) p 

I 2048 PePrjP.PX c-C pC /A 14^ 

+ d^d - 4) (d - 6) p6 ^ /^-P-'-'^^- ^ a^5p,.^Xu ■ lA. i4J 
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To transform this expression back to position space, we use the equations ( |A.6| , |A.7|) as 
well as 

_±_ f.d .p.. PePvP.Px _ rC^d-s) .... 1 . , . 

which gives 

pC~l (^\ — ^ f Ad^ „-ip x pC~^ ( \ 

AT{\d-l) 



d 



I ^ ( ^ pC (J ry\ ^£^V cC cC 

^3 cC Q/j r,\^eXri cC cC 



-|- Ci(^U 2j d+2 iJ.cTpu,EipT]LLi ^ a'ySf3,KipXu) J • yA.LOj 

Now the inversion on the space of tensors with Weyl symmetry may be written as 

n-C („\ _ cC _ SPC* cC ^e^V 

papUja-ySpy-^ ) ^ papv,cfy6p OO papv,£^pOu>^ a'-f5j3,riip9iji) ^ 

X 

rrt ryt nr' 

SO that we obtain for the fiat space Green function of A"-^ defined in (|5.15|) 

1 ^ 

which is in agreement with the form expected from conformal invariance. 



A. 4 Variation of Conformal Actions 



The result for the fiat space limit of the metric variation (|3.19|) of the fc-form action (|3.16|) 
is explicitly 

= (7 + 1)m (d^)am-Mfe (d^)/3^i...^, - (7 - 1) (fe^ (5^)aMl...Mfe-2 {S^)ppi...p,-2 
+ 2(7 - 1) (fc^ (d<^^)/3)Mi.../^.-i 

-i<5«^((7 + 1) (d^).(d^) - (7 - 1) {6A)i6A) + 2(7 - 1) ^-(d^^)) 



I (7+1) (7-1) 1 /g . . , 



p.p.\...p.k-i, 



■Mfe-1 , 



(]-2)(rf-l) ^^^ ~ ^ + ^^^^"^^ " 5«/35')(^-^) • (A.19) 
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The corresponding result for the variation ( ^.25| ) reduced to flat space can be calcu- 
lated straightforwardly albeit tediously from the standard form for the dependence of the 
connection on the metric, although it is also necessary to take account of the implicit 
dependence through the traceless condition g^^C^^p^ = 0. Without attempting to find the 
simplest form but leaving the contribution of each term in the action separate we find 



rpC 

a/3 



16 



4 d p{d (^Q^'^C p(j py Cf^^fj-py d(^(yCp'^fjpy Cpupy^ 

dpCp P)pu - 2 dpCp„p(a d\CxcTp\f3) + 2 C( 

Oi\(TpU 

df3)dpCpapy 

^a(i{^'2 ^p^papu 9\C\(jpp -\- C\(jpp d\dpCp(jpp 



4 

+ 3 d\{Cxl^a\pu dpCp\i3)pu) — 2 dp{Ca{al3)u dpC dxdpCpaXu 

2 dpd(^Q,{Cf}'^(jpp Cpfjpy) d {C(^a\apu C'jS'^crpp) ^af) dpd\{Cp(jpy Cxcrpu] 



4{d-2) 

ttd-i)td-l) ^^"^^ ~ d'){Cp^pXp.p.) . (A.20) 



A. 5 Variation of the Weyl Symmetry Green Function 



The tensor PpK\u,ae-qp,(ii3{Z) in ( |5.27| ) has the form 

Pp,K\u,a£i-ip,aP^Z^ 

_ AcC cC cT ^ 

^ <^ fj,K\u,a'TX'^^ uer]p,l3'TX'^^ a' fB' ,af3 , ^ j_o 



2 

ZoZa 



I r-) cC cC cT 



Zf)Z, 

crer]p,l3' x^<f> ce'l3',al3 ~ 
V 

I p (cV cC 

~r \^ pKXu,a'TX^^ <^£Vpfi'''X^ 



_l_ cV cV \cl 

~r o p.kXu,Otx^^ crerip,a' TXi^ a'f3',af3 ^ r72'\-d—l 

Zgl 



(Z2 



with S'-^ defined in appendix A.l and with £\n,ai3 = ^{^eaS-qp + ^e/s^r^a) — ^<5er?5a/3- The 
coefficients are then given by 

A = — — r(d- 16) 

4rf-l d-2^ ' 
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-B = — ,1-, „, (ti* - Td" + 24rf^ - 36ci + 48) 

o[d — Ij — 2j 

These coefficients satisfy two linear relations - derived in - which follow from conser- 
vation, 

Ti = l{d-A){d + A)A-8B -l{d + 2)C + \{d-A)D -2E -^dF =0, (A.23) 
T2= -{d-4){d + 4)A + 16B + dC + \d{d-4:)D-ld{d-10)F =0. (A.24) 



This provides a direct check on the conservation of G 



Cf 
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